We establish a correspondence between a recently proposed parameter-free velocity-dependent one-scale model and the standard parametric model for the cosmological evolution of domain wall networks. We find that the latter overestimates the damping of the wall motion due to the Hubble expansion and neglects the direct impact of wall decay on the evolution of the root-mean-square velocity of the network. We show that these effects are significant but may be absorbed into a redefinition of the momentum parameter. We also discuss the implications of these findings for cosmic strings. We compute the energy loss and momentum parameters of the standard parametric model for cosmological domain wall evolution using our parameter-free velocity-dependent one-scale model in the context of cosmological models having a power law evolution of the scale factor a with the cosmic time t (a ∝ t λ , 0 < λ < 1), and compare with the results obtained from numerical field theory simulations. We further provide simple linear functions which roughly approximate the dependence of the the energy loss and momentum parameters on λ. Finally, we extend our formalism to account for the dynamics of p-branes in N +1-dimensional Friedmann-Lemaitre-Robertson-Walker spacetimes, thus proving the basis for future developments which, at least for p < N − 1, should take into account p-brane intersections.
I. INTRODUCTION
The generation of topological defect networks as a result of symmetry breaking phase transitions is a generic prediction of grand unified theories [1] .The distinct imprints of cosmic defects on a wide range of cosmological observations constitute a potential window into the fundamental high energy physics of the early universe [2] [3] [4] . Domain walls, created as a result of the breaking of a discrete symmetry, are the simplest defect solutions. Unfortunately, the average energy density of standard domain wall networks grows faster than the background density, thus implying that they have to either be extremely light [5] or to have decayed long before the present epoch [6] [7] [8] [9] [10] [11] [12] [13] [14] in order to be consistent with observations [15] [16] [17] . On the other hand, cosmic strings never tend to dominate the energy density of the universe and, despite the stringent constraints on their tension, they are generally seen as more benign and better motivated than domain walls. The possible production of cosmic superstrings in cosmological scenarios inspired in string theory provides additional theoretical motivation to the observational hunt for cosmic defects [18] [19] [20] [21] .
The cosmological implications of defect networks depend crucially not only on their microscopic properties but also on their large-scale cosmological dynamics. Although numerical simulations (see, e.g., [22] ) are an es- * Electronic address: pedro.avelino@astro.up.pt sential tool towards the understanding of defect network evolution, semi-analytical models are crucial for a deeper understanding of the key dynamical processes responsible for the observational signatures of cosmic defects. A unified framework for the statistical description of the large-scale cosmological evolution of defect networks of relativistic and non-relativistic featureless p-branes in N +1-dimensional homogeneous and isotropic spacetimes (with N > p) was developed in [23] [24] [25] [26] , generalizing previous work on cosmic strings [27, 28] and domain walls [29] (see also [30] and [31] for non-cosmological applications). This Velocity-dependent One-Scale (VOS) model provides a characterization of the evolution of the characteristic length L and the root-mean-square velocity σ v of p-brane networks, but it relies on the calibration of its two phenomenological parameters, usually referred to as energy loss and momentum parameters, using field theory or Nambu-Goto numerical simulations of cosmic defect network evolution (see also [32, 33] for a six parameter extension of the standard parametric domain wall VOS model).
Recently, a VOS model for the cosmological dynamics of standard domain walls free from adjustable dynamical parameters has been proposed [34] . It has been shown to successfully reproduce the results of field theory numerical simulations of domain wall network evolution in cosmological models with a fast expansion rate. The development of this new semi-analytical model has also highlighted a number of problems with the determination of L and σ v from field theory numerical simulations, which will need to be resolved in order for a meaningful comparison to be possible in a relativistic regime. Nev-ertheless, irrespectively of the exact degree of agreement with numerical simulations, this new domain wall VOS model constitutes an extremely useful tool with which to assess and improve on current semi-analytical models of defect network evolution, an aim which is pursued in the present paper.
The outline of this paper is as follows. In Sec. II we briefly describe the recently proposed VOS model for the cosmological evolution of standard domain wall networks (without junctions). In Sec. III we establish a correspondence between this model and the standard parametric VOS model for domain walls, discussing the approximations involved. We also briefly discuss the implications of our findings for cosmic strings. In Sec. IV we quantify the impact of these approximations by considering frictionless scaling solutions obtained for a power law evolution of the scale factor with cosmic time. In particular, we compare the values of the energy loss and momentum parameters of the standard parametric VOS model determined using our parameter-free VOS model with the corresponding values obtained using numerical field theory simulations, and provide simple linear functions which approximate the dependence of these two parameters on the expansion rate of the universe. In Sec. V the formalism of the previous sections is extended in order to account for the dynamics of a network of noninteracting maximally symmetric p-branes in N + 1-dimensional Friedmann-Lemaitre-Robertson-Walker spacetimes. Finally we conclude in Sec. VI.
We shall use fundamental units with c = 1, where c is the value of the speed of light in vacuum.
II. PARAMETER-FREE VOS MODEL FOR DOMAIN WALLS
Here, we briefly describe a recently proposed VOS model [34] for the evolution of standard domain wall networks in flat 3 + 1-dimensional homogeneous and isotropic Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmologies with line element
where a is the scale factor, η = dt/a is the conformal time, t is the physical time and x are comoving spatial coordinates. This model, which is free from adjustable dynamical parameters, describes the cosmological evolution of the network in terms of two thermodynamic variables: the characteristic length L and the root-meansquare velocity σ v . It relies on the fact that field theory simulations of standard domain wall network evolution have shown that intersections between domain walls are rare [32] (in particular, in comparison to the case of cosmic strings) and that thin domain walls are not expected to produce significant amounts of scalar radiation, except in the final stages of collapse [35] . This model makes the simplifying assumption that the universe is permeated by a network of infinitely thin domain walls possessing either spherical or cylindrical symmetry (in the case with cylindrical symmetry the domain walls are taken to be parallel to each other). Also, the gravitational interaction between the walls is assumed to be negligible, thus ensuring that they maintain the initial symmetry throughout the whole evolution and never intersect. Every cosmologically relevant domain wall is assumed to have started at rest at some early conformal time η i with an initial comoving radius q i much larger than the comoving horizon at that time (η i ). The probability density function of the initial comoving radii may be written as [34] 
where Θ is the Heaviside step function, and s = 1 or s = 2 depending, respectively, on whether the domain walls are assumed to be cylindrical or spherical. The equations of motion describing the frictionless evolution of the domain walls are given bẏ
where a dot denotes a derivative with respect to the conformal time η, a prime denotes a derivative with respect to ln η, H ≡ȧ/a > 0, q is the comoving radius of the wall, v represents its velocity, and γ ≡ (1 − v 2 ) −1/2 . In this model every domain wall is assumed to decay upon reaching q = 0, and, consequently, we shall only consider the evolution of domain walls in the comoving radius interval [0, q i ]. Also, as a consequence of wall decay, at an arbitrary time η η i only domain walls with an initial comoving radius larger than a threshold q i * survive, where the value of q i * , defined by q[q i * , η] = 0, is a function of η.
The wall energy (spherical case) or energy per unit length (cylindrical case) is equal to E = 2πsσ w0 a s r s , where r = γ 1/s q and σ w0 is the proper domain wall energy per unit area, or, equivalently,
where r ≡ qγ 1/s , q ≡ q/q i , and τ ≡ η/q i . The evolution of E can be readily computed from the equations of motion and it is given by
Hence, in our model the average energy density of the domain wall network at the conformal time η is equal to
where β = 2πs(1 + s)n i η 1+s i , n i is the initial domain wall number density defined as the number of walls per unit volume (spherical case) or per unit area (cylindrical case), n = n i a −1−s would be the domain wall number density at the time η in the absence of decay, and τ * = η/q i * .
Let us also define mean square velocity of the domain walls as
where ρ is the (microscopic) domain wall energy density at each point, V is the physical volume, and S is the domain wall area. The third equality in Eq. (7) is obtained by writing dV = dSdl and performing the integration ρ dl = σ w = σ w0 γ in the direction perpendicular to the domain wall (note that ρ = ρ 0 γ 2 and δ = δ 0 /γ, where the subscript '0' represents the proper rest value and δ denotes the domain wall thickness, and that v does not vary along the direction perpendicular to the wall).
For a power law expansion, with a ∝ t λ ∝ η λ/(1−λ) and
Differentiating Eq. (6) with respect to ln η and using Eq. (5) one obtains
where E * = E[q i * , η], P * = P * [q i * ], and r * = r[q i * , η].
The last term in Eq. (8),
is associated to the energy losses by the network due to domain wall decay.
On the other hand, differentiating Eq. (7) with respect to ln η one obtains
with the averages denoted by ... being defined as in Eq. (7), where the specific case of v 2 was considered. We have also taken into account that v → 1 as q → 0, or, equivalently, that v * ≡ v[q i * , η] = 1.
III. RELATION TO THE STANDARD PARAMETRIC VOS MODEL
Let us define the characteristic length of the network as
which, in combination with Eq. (6), implies that
On the other hand, in the standard parametric VOS model the decay term in Eq. (9) is usually written as
where c w is a phenomenological energy loss parameter. Using Eqs. (8), (10), (11) , and (12) it is possible to cast the equations of motion of our parameter-free VOS model in a similar form to that of the parametric VOS model, that is
with
Eq.(14) may also be written as
The right-hand sides of Eqs. (15) and (20) are independent of β (note that Eq. (12) implies that βζ is independent of β), thus implying that for a given cosmological model the evolution of ln ζ and σ v is completely determined by our model both for s = 1 and s = 2, without the need for adjustable phenomenological dynamical parameters.
It is useful to compare Eqs. (14) and (15) with those of the standard parametric VOS model for domain walls in which f is assumed to be equal to zero (the same approximation is also made in the standard parametric VOS model for cosmic strings). Taking into account that
Hence, f is equal to unity only if there is no dispersion of the root-mean-square velocity, which in general may only happen in the non-relativistic (σ v → 0) or in the ultra-relativistic limit (σ v → 1). In the following section we shall determine the values of f predicted by our parameter-free domain wall VOS model for different values of the expansion rate. On the other-hand, the direct contribution of in Eq. (15) is not explicitly considered in the standard parametric VOS model. In practice such contribution, is equivalent to the following redefinition of the momentum parameter: k w → k w − ζ. In the standard parametric VOS model it is implicitly assumed that the elements removed from the network -in the case of domain walls as a consequence of collapse and decay -have a rootmean-square velocity equal to that of the network (thus implying that = 0). However that is not in general the case. Whenever there is a difference between the root-mean-square velocity of the network and that of the elements being removed from it, there will be a direct contribution to the change in σ v given by
where the subscripts N and − represent, respectively, the network and the elements being removed from it. In the case of domain walls the velocity is extremely close to unity prior to decay and, therefore,
where we have taken σ v− = 1. To our knowledge, this effect has not been considered in previous work, not only in the context of domain walls but also of cosmic strings. For cosmic strings one would expect a contribution to the change of σ v coming from loop production. Here, ρ str is the average string energy density, c str is the energy loss parameter of the cosmic string VOS model, and σ v− is the root-meansquare velocity of the loops produced by the long string network in the cosmological frame.
IV. VOS MODEL FOR DOMAIN WALLS: FRICTIONLESS SCALING SOLUTIONS
Here, we shall consider frictionless scaling solutions in the context of cosmological models having a power law evolution of the scale factor with the physical time (a ∝ t λ , 0 < λ < 1), so that ζ and σ v are constants. Figure 1 displays the values of f predicted by our parameterfree VOS model, as a function of λ, considering cylindrical or spherical domain walls (upper black and lower magenta dashed lines, respectively). The green region between the two lines provides an estimate of the model uncertainty associated to the geometry of the domain walls. Figure 1 shows that, except for values of λ close to unity, f deviates significantly from zero. It implies that the f = 0 assumption made in the standard parametric VOS model for domain walls leads to an overestimation of the strength of the Hubble damping by 20 ± 10% for values of λ in the interval [0, 0.9]. A similar effect is also expected in the standard parametric cosmic string VOS model, albeit with a slightly smaller amplitude.
The value of ζ/k w predicted by our parameter-free VOS model as a function of λ considering cylindrical or spherical domain walls is shown in Fig. 2 (upper [32] . Notice that, despite the quantitative disagreement, the parameter-free VOS model and the numerical field theory simulations predict similar qualitative dependencies of kw on λ, which are roughly accounted for by the linear function kw = 1.8λ (blue dotted line).
relative importance of the last two terms in Eq. (15) . Figure 2 shows that for values of λ not too close to unity these two terms are of the same order of magnitude, thus implying that the direct impact of domain wall decay in Eq. (15), associated to a non-zero , cannot in general be neglected.
The frictionless scaling solutions of Eqs. (14) and (15) for a power law evolution of the scale factor (a ∝ t λ , 0 < λ < 1) satisfy
Hence, given a scaling solution with ζ = const and σ v = const obtained either using our parameter-free domain wall VOS model or field theory numerical simulations of domain wall network evolution, it is always possible to obtain the values of k w and c w which match that solution. Nevertheless, in the standard parametric VOS model both f and are neglected and, therefore, it does not distinguish between k w and k w . However, the fact that
in combination with the results shown in Figs. 1 and  2 , shows that, except in the non-relativistic limit, k w is always significantly smaller thank w . [32] . Notice that the parameter-free VOS model and the numerical field theory simulations predict similar qualitative dependencies of cw on λ, which are roughly accounted for by the linear function cw = 1.2(1 − λ) (blue dotted line). Figures 3 and 4 show, respectively, the values ofk w and c w , as a function of λ, obtained using Eqs. (25) and (26) with ζ and σ v given by our parameter-free VOS model considering cylindrical or spherical domain walls (upper black and lower magenta dashed lines, respectively)the green region between the two lines provides an estimate of the model uncertainty. The red dots with the corresponding error bars represent results obtained using field theory numerical simulations of domain wall network evolution [32] . Here, we have fixed the value of β in the cylindrical or spherical domain wall cases by requiring the model to reproduce the value of ζ obtained using field theory simulations in the non-relativistic limit [33] (λ = 0.9998). This requirement gives β cylindrical ∼ 0.69 and β spherical ∼ 1.15 -note that β is independent of the cosmological model and, therefore, it is not a dynamical parameter of our model. Figure 3 shows that, despite the disagreement between the predictions of our parameter-free VOS model and numerical simulations for λ < 0.9, in both cases the overall dependence ofk w on λ may be roughly approximated by the linear function k w = 1.8λ, represented by the blue dotted line. Potential causes of the discrepancies observed in Fig. 3 , mainly associated to the determination of the L and σ v from field theory numerical simulations, have been discussed in detail in [34] and will need to be tackled in future numerical work.
On the other hand, Figure 4 shows that there is overall agreement on the predicted value of c w between the predictions our parameter-free VOS model and numerical simulations, except for λ = 0.1. The overall dependence of c w on λ may be roughly approximated by the linear function c w = 1.2(1 − λ), represented by the blue dotted line.
V. EXTENDING THE VOS MODEL TO
Let us consider maximally symmetric p-branes with a S p−i ⊗R i topology in a flat N +1-dimensional Friedmann-Robertson-Walker Universe, with p < N and 0 ≤ i ≤ p -the case of domain walls in a 3 + 1 FLRW universe studied in the previous sections corresponding to N = 3, p = 2 and i = 1 (cylindrical domain walls) or i = 0 (spherical domain walls).
The energy of the p-branes per unit i-dimensional area of the flat dimensions is
and the corresponding equations of motion satisfẏ
Here,
Γ is the gamma function, σ p0 is the proper p-brane mass per unit p-dimensional area, and we shall assume that the p-branes decay upon reaching q = 0 (again, v → 1 as q → 0, or, equivalently, v * ≡ v[q i * , η] = 1). Note that in this section q, q i , q i * , r,r and τ are defined in the same way as before.
The probability density function of the initial comoving radii may now be taken to be equal to (33) so that the energy density
is proportional to (aη) −(N −p) in a scaling regime with τ * = const. Here,
with n = n i a −(N −i) representing, as before, the p-brane number density at the conformal time η that would be observed in the absence of decay.
The characteristic length scale of the network is defined as
which, together with Eq. (34) implies that
Proceeding as in Sec. III, the equations of motion for σ v and ζ may be written as
The constant ζ and σ v frictionless scaling solutions for cosmological models with a power law evolution of the scale factor with the physical time (a ∝ t λ , 0 < λ < 1) satisfy .
(45)
VI. CONCLUSIONS
In this paper we have established a correspondence between a recently proposed parameter-free VOS model and the standard parametric VOS model for the cosmological evolution of standard domain wall networks. We have shown that such correspondence requires a redefinition of the curvature parameter of the standard parametric VOS model which takes into account the fact that this model overestimates the strength of the Hubble damping of wall motion by up to 30% and neglects the direct impact of wall decay on the evolution of the rootmean-square velocity of the network. We have shown that analogous approximations also affect the standard parametric cosmic string VOS model and we have found an additional contribution to the evolution of the rootmean-square velocity of cosmic string networks associated to the impact of loop production. We compared the values of the energy loss and momentum parameters of the standard parametric VOS model for domain walls predicted by our parameter-free one-scale model with those obtained using numerical field theory simulations of domain wall evolution, and provided a simple linear function which approximates their dependence on λ. We have also extended our framework to account for the dynamics of a network of noninteracting maximally symmetric p-branes with a S p−i ⊗ R i topology in N + 1-dimensional Friedmann-Lemaitre-Robertson-Walker spacetimes. This provides the basis for future developments of the model which will need to take into account p-brane intersections, a necessary step in order for it to be able to describe the cosmological dynamics of p-brane networks with p < N − 1.
